Cyclical Steiner triple systems orthogonal to their opposites  by Schreiber, Shmuel
Discrete Mathematics 77 (1989) 281-284 
North-Holland 
281 
CYCLICAL STEINER TRIPLE SYSTEMS ORTHOGONAL 
TO THEIR OPPOSWES 
Shmuel SCHREIBER 
Dept. of Mathematics and Computer Science, Bar-Han University, Ramat Gan SZlW, Israel 
Presented to Professor Haim Hanani on his 75th birthday. 
A Steiner Triple System (STS) consists of a set X together with a collection B 
of 3-subsets of X such that every pair of elements of X occurs in exactly one 
member of B. (X, B,) and (X, B2) are said to be orthogonal if B, rl B, = 0 and 
for (x, y, z) E B1, (u, IJ, z) E B1 there exists no w E X such that (x, y, w) and 
(u, 21, w) E Bz. 
It should be noted that this terminology is not unique. Mullin and Vanstone [l] 
and Rosa [2, p. 1251 prefer to call such pairs of STSs perpendicular. However, 
Mendelsohn [3] reserves this term for a 4-column array of elements of X, any 3 of 
which form a STS; here we shall retain the older term, orthogonal. 
Mullin and Nemeth [4], (as quoted in [2]), have shown that for X = a finite field 
of order 6q + 1, with generator g, one may obtain a pair of orthogonal STS’s on 
X by including q sets of the form {h + g’, h + gr+2q, h + gr+4q} in B1, for all 
h E X, while B2 will consist of the triple {h - g’, h - gr+29, h - gr+4q} for 
appropriate values of r between 0 and q - 1. This partially solves the existence 
problem for orthogonal pairs, and ample literature is quoted in [2]. 
In what follows, we present something of a natural extension of this result. 
Let X be a set of order 6q + 1, closed under addition. Thus X might be Zbq+l, 
or the set of all ordered pairs, triples, k-tuples of some Z, with m*, m3 or 
mk = 6q + 1 (in which case, addition is to be understood componentwise). By 
some abuse of language, we shall call the STS (X, B) cyclical if (a, b, c) E B 
implies (a + h, b + h, c + h) E B for every h E X. A counting argument will show 
that in this case, B consists of q sequence each containing 1x1 triples. 
Lemma 1. Zf (X, B) is a cyclical STS, and (a, b, c) E B, then (-b, -a, d) 4 Bfor 
any d EX. 
Proof. Taking h = a + b, (-b + h, -a + h, d + h) = (a, b, a + b + d); thus the 
pair (a, b) would appear twice. Cl 
Definition. For a STS (X, B), call (X, -B) the opposite STS, where -B is the set 
of triples (-a, -b, -c) for (a, 6, c) E B. By Lemma 1, if (X, B) is a cyclic STS, 
(X, -B) is disjoint from it. 
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Let again X be a set of order 6q + 1, closed under addition. If the elements of 
X are the k-tuples of Z,, with mk = 6q + 1, then obviously (m, 3) = 1. Then for 
any triple (a, b, c) of elements of X, there exists a h E X, such that (a + h) + 
(b + h) + (c + h) sum to zero modulo m, since for the rth component of h we 
may always solve a, + b, + c, + 3h, = 0 (mod m). Moreover, this h is unique, for 
adding any h’ E X will add a multiple of 3 to each nonzero component. Call 
(a + h, b + h, c + h) the zero-sum triple of the sequence containing (a, b, c), and 
we obtain 
Lemma 2. In a cyclical STS (X, B), with 1X1= 6q + 1, each sequence of B 
contains a unique zero-sum triple. 
Proposition 1. Let 1x1 = 6q + 1, (X, B,) a cyclical STS and (X, BJ = (X, -B,) 
the opposite cyclical STS; if no element of X appears more than once in the 3q 
elements of the zero-sum triples of B1, then (X, B,) is orthogonal to (X, B2). 
Preliminary remark. The conditions imposed by Mullin and Nemeth are some- 
what more restrictive: none of the q zero-sum triples of B2 can have an element in 
common with a zero-sum triple of B1. 
Proof. Note first that by Lemma 1, B, and B, can have no triple in common. 
For the orthogonality condition to fail, there should be two triples 
(x, y, z), (u, u, z) E B, and (x, y, w), (u, u, w) E B,; since we are dealing with 
cyclical STSs, this is equivalent to (x -z, y -z, 0) and (u - z, r~ - z, 0) E B1 as 
against (x - z, y - z, w - z) and (u - z, u - z, w - z) E B2. It is therefore 
sufficient to consider in Bz the companions of pairs of elements of X1 having zero 
as third element in triples of B1. 
To check the circumstances more explicitly, suppose sequences 1, 2, 3 of B1 
contain the zero-sum triples 
(ai, b,, -a, - b,); (~2, bz, -a2 - b2); (~3, b3, -a3 - b3) 
(all g entries distinct by hypothesis), from which we may derive, respectively 
(0, bl --a,, -24 - b,), (a2 - b2, 0, -a2 - 2b& (24 + b3, cl3 + 2b3, 0) E B1 
and consequently 
(0, a, - bl, 2u, + b,), (b, - u2, 0, u2 + 2bJ; (-24 - b3, -a3 - 2b3, 0) E B2. 
To restore the nonzero entries of the first 3 triples, we have to add -3ul to the 
first, -36, to the second, and 3u3 + 3b3 to the third, giving 
(-34, -2ui - bl, b, -a,), (-a2 - 2b,, -3b,, u2 - b2), 
(a3 + 2b3, 2u3 + b3, 3u3 + 3bJ E BZ. 
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But since (IX], 3) = 1 and a,, b2, a3 + b3 are distinct by hypothesis, the factor -3 
does not affect the inequality and this completes the proof. 0 
Example. X = Z,,. The Mullin-Nemeth solution, in one version, gives 
(I,7,11), (2,3,14), (4,629) E Bi; (5,169 17) (IO, 13,15), (8,127 18)~&, 
and Proposition 1 offers an additional solution 
(I, 6, 12) (4,7,8), (9, 11, 18) E Bi; (I, 8, IO), (7,13,18), (11,12, 15) E B,, 
which, as one may easily verify, is not equivalent to the one above. 
Proposition 2. Let (X, B,), (X, B2) b e a pair of cyclical STSs satisfying the 
conditions of Proposition 1, and let (Y, B3), (Y, B4) be another such pair. Then 
for Z =: X x Y, a choice of zero-sum triples B5 and B6 may be found such that the 
cyclical STSs on Z generated by B5 and B6 be again orthogonal. 
Proof. One such choice whose verification, while somewhat tedious, is straight- 
forward would be: 
(a) for every zero-sum triple (xi, x2, x3) E B,, put ((xi, 0)(x2, 0), (x3, 0) E B5; 
(/3) choose a cyclic order in the zero-sum triples (yi, y2, y3) E B3, and for every 
(x,, x2, xg) as above include in B5, 
((XI, YA (x2, Y2), (x3, Y3)h ((x17 Y2), (x2, Y3)l (x3, Yl))i 
((Xl, Y3), (x2, Yl), (x3, Y2)h ((Xl, -YA 62, -Y2), (x3, -Y3))i 
((x17 -Y*), (x*9 -Y3)1 (x3, -Y,))i ((x1, -Y3), (x2, -Y,), (x3, -Y2))i 
(y) add all the triples of the form ((0, yl), (0, y2), (0, y3)). 0 
The reader might wish to check the following example, with X = Z,3, 
B, EI (1, 3, 9), (2, 6, 5); Y = Z7, B3 3 (1, 2, 4) + Z = Z,, , comparing the residues 
modulo 13 and modulo 7 of the following 15 triples 
(a) (14, 42, 35) (28, 84, 70) 
(P) (I, I6,74) (15, 58, 18) 
(79, 81, 22) (2, 32, 57) 
(53, 29, 9) (67, 71, 44) 
(27, 68, 87) (41, 19, 31) 
(66, 55, 61) (80, 6, 5) 
(40, 3, 48) (54, 45, 83) 
(Y) (78,65, 39). 
It is very probable that Lindner and Mendelsohn [5], (as quoted in [2], lot. cit.), 
already had a similar construction for product orders, based on the results of 
284 S. Schreiber 
Mullin and Nemeth. They conclude that the existence problem for orthogonal 
STSs of order 6k + 1 would be solved if 6k + 1 were a product of two 
primes = (- 1) (mod 6). 
Following this, I invited Ron Chernin of Tel-Aviv University to do an 
exhaustive computer search for a cyclical STS of the smallest possible order, 55, 
but he found no solutions satisfying the condition of Proposition 1. 
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